Abstract. In this paper, we introduced the concept of crossed module for Hom-Lie antialgebras. It is proved that the category of crossed modules for Hom-Lie antialgebras and the category of Cat 1 -Hom-Lie antialgebras are equivalent to each other. The relationship between the crossed module extension of Hom-Lie antialgebras and the third cohomology group are investigated.
Introduction
The notion of Lie antialgebras was introduced by V. Ovsienko in [11] as an algebraic structure in the context of symplectic and contact geometry of Z 2 -graded space. A Lie antialgebra is a Z 2 -graded vector space a = a 0 ⊕ a 1 where a 0 is a commutative associative algebra acting on a 1 as derivation satisfying some compatible conditions, see Definition 2.1. The universal enveloping algebra and representation theory of Lie antialgebras have been investigated [9] .
Crossed modules of groups were introduced by Whitehead in the late 1940s as algebraic models for path-connected CW-spaces, see [15] . Crossed modules of Lie algebras and associative algebras have also been investigated by various authors, see [2, 5, 7, 8, 10, 14] . It is well known that equivalent classes of crossed module extensions of associative algebras and Lie algebras are in one-to-one correspondence with elements of their Chevally-Eilenberg and Hochschild third cohomology groups. For crossed modules of algebroids, Leibniz algebras, Hom-Lie algebras and Hom-Lie-Rinehart algebras, see [1, 3, 4, 17] .
In a recent paper [18] , we introduced the concept of Hom-Lie antialgebras which is a Hom-analogue of Ovsienko's Lie antialgebras. The general representations and cohomology theory of Hom-Lie antialgebras are investigated. It is proved that the equivalent classes of abelian extensions of Hom-Lie antialgebras are classified by the second cohomology group. It is then natural to ask: What about the third cohomology group of Hom-Lie antialgebras? Is there some crossed module extension structures of Hom-Lie antialgebras that can be related to third cohomology group? In this paper, we give a partial answer to these questions.
The key point is to give a suitable definition of crossed module for Hom-Lie antialgebras. To solve this problem, first we give a detailed study on the actions and semidirect products of Hom-Lie antialgebras. Then we introduce the notion crossed module for Hom-Lie antialgebras and Cat 1 -Hom-Lie antialgebras. It is proved that the category of crossed modules for Hom-Lie antialgebras and the category of Cat 1 -Hom-Lie antialgebras are equivalent to each other. Finally, we introduced the notion of crossed module extensions of Hom-Lie antialgebras. Given an equivalent class of crossed module extensions, we proof that there is a canonical element in the third cohomology group.
The paper is organized as follows. In Section 2, we revisited some definitions and notations of Hom-Lie antialgebras. In Section 3, we study the representation and semidirect product of Hom-Lie antialgebras. In Section 4, we introduced the concept of crossed module for Hom-Lie antialgebras and Cat 1 -Hom-Lie antialgebras. We proof that the category of crossed modules for Hom-Lie antialgebras and the category of Cat 1 -Hom-Lie antialgebras are equivalent to each other. In Section 5, we define crossed module extension of Hom-Lie antialgebras. The relationship between the crossed module extension of Hom-Lie antialgebras and the third cohomology group are found.
Throughout this paper, we work on an algebraically closed field of characteristic 0. For a Z 2 -vector space V = V 0 ⊕V 1 , we denote by End(V ) = End(V ) 0 ⊕End(V ) 1 where End(V ) 0 = Hom(V 0 , V 0 ) ⊕ Hom(V 1 , V 1 ) and End(V ) 1 = Hom(V 0 , V 1 ) ⊕ Hom(V 1 , V 0 ) be the set of even and odd linear maps of V .
Hom-Lie antialgebras
Definition 2.1. A Lie antialgebra is a supercommutative Z 2 -graded algebra: a = a 0 ⊕ a 1 , a i · a j ⊂ a i+j , such that the following identities hold:
1)
2)
3)
for all homogeneous elements x i ∈ a 0 , y i ∈ a 1 . Note that we denote y 1 · y 2 by [y 1 , y 2 ] in the last equation (2.4) since it is skew symmetric, which is slightly different from notations in [11, 9] .
Definition 2.2. Let a and a be Lie antialgebras. A Lie antialgebra homomorphism φ from a to a consists of φ 0 : a 0 → a 0 , φ 1 : a 1 → a 1 , such that the following conditions hold :
for all x i ∈ a 0 , y i ∈ a 1 Definition 2.3.
(1) A Hom-Lie antialgebra (a, α, β) is a supercommutative Z 2 -graded algebra: a = a 0 ⊕a 1 , together with two linear maps (α, β): α : a 0 → a 0 , β : a 1 → a 1 , satisfying the following identities:
for all x i ∈ a 0 and y i ∈ a 1 . We also call the above notation (α, β)-Hom-Lie antialgebra.
(2) A Hom-Lie antialgebra is called a multiplicative Hom-Lie antialgebra if α, β are algebraic morphisms, i.e. for any x i ∈ a 0 , y i ∈ a 1 , we have
is itself a Hom-Lie antialgebra under operations of a restrict to a ′ and α ′ = α| a ′ , β ′ = β| a ′ .
The Hom-Lie antialgebras in this paper are assumed to be multiplicative. Definition 2.4. Let (a, α, β) and ( a, α, β) be Hom-Lie antialgebras. A Hom-Lie antialgebra homomorphism φ = (φ 0 , φ 1 ) from a to a consists of φ 0 : a 0 → a 0 , φ 1 : a 1 → a 1 , such that the following equalities hold for all x i ∈ a 0 , y i ∈ a 1 :
Semidirect product of Hom-Lie antialgebras
In this section, we introduce notion of representation and action of Hom-Lie antialgebras. Then we construct the semidirect product of Hom-Lie antialgebras.
Definition 3.1. Let (a, α, β) be a Hom-Lie antialgebra, V = V 0 ⊕ V 1 be a Homsuper vector space (a super vector space with linear maps
A representation of (a, α, β) over the Hom-super vector space V is a pair of linear maps ρ = (ρ 0 , ρ 1 ) : ρ 0 : a 0 → End(V ) 0 , ρ 1 : a 1 → End(V ) 1 such that the following conditions hold:
for all
is a Hom-Lie antialgebra under the following operations:
The proof of the above Proposition 3.2 is by easy direct computations, so we omit the details.
From now on, we assume (V, α V 0 , β V 1 ) is a representation of (a, α, β) unless otherwise stated. If moreover (V, α V 0 , β V 1 ) is itself a Hom-Lie antialgebra under some compatible conditions with the representation conditions, we can construct a general Hom-Lie antialgebra a ⊕ V on the direct sum space as follows.
and (a, α, β) be two Hom-Lie antialgebras. An action of (a, α, β) over (V, α V 0 , β V 1 ) is a representation (V, ρ) such that the following conditions hold:
14)
Now we can obtain our main construction of Hom-Lie antialgebra structure.
and (a, α, β) be two Hom-Lie antialgebras with an action of (a, α, β) over (V,
is a Hom-Lie antialgebra under the following maps:
. This is called a semidirect product of a and V , denoted by a ⋉ V .
Proof. By definition, we have
and
Due to (3.13) and commutativity of product in V 0 , we have
Thus we obtain
For (2.6), we have
Due to (3.14) and (3.15), we have
For (2.7), we have
Due to (3.16) and (3.17), we have
For (2.8), by definition (3.19) we have
From (3.19)-(3.22), we obtain that a ⋉ V is a Hom-Lie antialgebra. The proof is completed.
Crossed modules for Hom-Lie antialgebras
In this section, we intruduce the concept of crossed module for Hom-Lie antialgebras which can be constructed from semidirect product. Then we establish the relationships between the category of crossed modules for Hom-Lie antialgebras and the category of Cat 1 -Hom-Lie antialgebras.
is an Hom-Lie antialgebra homomorphism such that the following identities hold:
We will denote a crossed module by ∂ : V → a in the following text for simplicity.
be two crossed modules of Hom-Lie antialgebras. A morphism of crossed modules is a pair of Hom-Lie antialgebra homomorphisms φ : V → V and ψ : a → a such that the following conditions hold:
We will denote by XLie the category of crossed modules of Hom-Lie antialgebras. 
8) 
We will denote by Cat 1 Lie the category of Cat 1 -Hom-Lie antialgebras. Next we will prove the main result of this section.
Theorem 2. The categories XLie and Cat 1 Lie are equivalent .
Proof. The proof is divided into two parts. Firstly, we define a functor from the category XLie to Cat 1 Lie. Given a crossed module ∂ : (V, α V 0 , β V 1 ) → (a, α, β), the corresponding Cat 1 -Hom-Lie antiagebra (a ⋉ V, a, s, t) are constructed as follows. The Hom-Lie antiagebras are the semidirect product (a ⋉ V, α + α V 0 , β + β V 1 ) with (a, α, β) as its Hom-Lie subantiagebra. The structural homomorphisms s and t are given by:
It is easy to check that s is indeed a homomorphism since s 0 and s 1 are the projection maps.
For t, we have
By computations, we get
Since ∂ = (∂ 0 , ∂ 1 ) is an Hom-Lie antialgebra homomorphism and the crossed module conditions (4.1) and (4.2), we get
Similarly, by the crossed module conditions (4.3) and (4.4), we get
Therefore, t is a Hom-Lie antiagebra homomorphism. Now we check that s and t satisfy conditions (4.8)-(4.9) and (4.10)-(4.12). In fact a can be regarded as a Hom-Lie subantialgebra of a ⋉ V via the inclusion map i 0 : x → (x, 0) and i 1 : y → (y, 0), so it is obvious that s 0
From the definition of s and t, we get that Ker
Therefore, we get Ker s 0 · Ker t 0 = 0. One can also obtain Ker s 0 · Ker t 1 = 0, Ker t 0 · Ker s 1 = 0 and [Ker s 1 , Ker t 1 ] = 0 by conditions (4.6) and (4.7). Moreover, given a morphism (φ, ψ) of crossed modules, the corresponding morphism of Cat 1 -Hom-Lie antialgebras is defined by f 0 (x, u) (ψ 0 (x), φ 0 (u)), f 1 (y, w) (ψ 1 (y), φ 1 (w)) for all (x, u) ∈ a 0 ⋉ V 0 , (y, w) ∈ a 1 ⋉ V 1 . One can check that f 0 and f 1 are homomorphisms by making use of the fact that φ and ψ are homomorphisms. For example,
are immediate consequence of the fact that s and t are Hom-Lie antialgebra homomorphism. Therefore the functor from XLie to Cat 1 Lie is well be defined.
For the second part, we define a functor from the category Cat 1 Lie to XLie as follows. Given a Cat 1 -Hom-Lie antialgebra (M, N, s, t), we define the corresponding crossed module of Hom-Lie antialgebras t| 
For the crossed module conditions (4.5)-(4.7), assume p 1 ∈ Ker s 0 , q 1 ∈ Ker s 1 , we have t 0 (t 0 (p 1 )−p 1 ) = t 0 (p 1 )−t 0 (p 1 ) = 0 and t 1 (t 1 (q 1 )−q 1 ) = t 1 (q 1 )−t 1 (q 1 ) = 0 since t 0 (p 1 ) ∈ N 0 and t 1 (q 1 ) ∈ N 1 . Thus t 0 (p 1 ) − p 1 ∈ Ker t 0 and t 1 (q 1 ) − q 1 ∈ Ker t 1 . Thus we have
Therefore t| Ker s : Ker s → N is a crossed module.
Moreover, given a morphism f = (f 0 , f 1 ) of Cat 1 -Hom-Lie antialgebras, the corresponding morphism of crossed modules is given by (f | Kers , f | N ). Since
Thus the functor from Cat 1 Lie to XLie is well be defined.
Finally, one can see that the above two functors are inverse of each other. This completed the proof.
Crossed module extensions and third cohomology groups
The cohomology theory of Hom-Lie antialgebra was defined in [18] . We will define the notion of crossed module extensions of Hom-Lie antialgebras and show that they are related to the third cohomology group.
) be a Hom-Lie antialgebra and (M, ρ) be a representation of (g, α g , β g ). A crossed module extension of (g, α g , β g ) by (M, ρ) is an exact sequence of Hom-Lie antialgebras: 
In other words, ∂ and ∂ are equivalent if there are Hom-Lie antialgebra mor-
Let CExt(g, M ) denote the set of equivalence classes of the set of crossed module extensions.
Theorem 3. Let (g, α g , β g ) be a Hom-Lie antialgebra and (M, ρ) be a representation of (g, α g , β g ). Then there is a canonical map:
Proof. Given a crossed module extension of Hom-Lie antialgebra, we denote n 0 = Ker π 0 = Im∂ 0 , n 1 = Ker π 1 = Im∂ 1 . Choose linear sections s 0 : g 0 → a 0 , s 1 :
Since π is a Hom-Lie antialgebra homomorphism, then ∀a 1 , a 2 , a 3 ∈ g 0 , b 1 , b 2 , b 3 ∈ g 1 , we get
Now check that the image of those maps are contained in the kernel of ∂. By definition we have
due to (4.1), we get
Similarly, due to (4.2),(4.3), we have
Due to (4.1),(4.4), we have
Routine but complicated calculations show that d(h) = 0. Hence the map h defines a 3-cocycle in the cohomology of g with coefficients in M . Now we are going to check that ξ is a well-defined map, i.e. the equivalent class of h does not depend on the sections s, σ.
First we show that the class of h does not depend on the sections s. Suppose s : g → a is another section of π and let h be the corresponding 3-cocycle defined using s instead of s. Then there exist linear maps f 0 : g 0 → V 0 and f 1 :
Due to (4.5),we have
Due to (4.7), we have
Due to (4.6) and (4.7), we have
Due to (4.6), we have
Next we define maps λ :
Then an easy caculation shows that ∂λ = ∂(ω − ω),
Moreover, if we replace ω 0 − ω 0 by λ 0 , then we have
See Appendix at the end of this paper for the detailed proof of equation (5.3). Similarly, if we replace
If we replace ω 0 − ω 0 by λ 0 , ω 1 − ω 1 by λ 1 , ω 2 − ω 2 by λ 2 , then we get
If we replace ω 1 − ω 1 by λ 1 , ω 2 − ω 2 by λ 2 , then we get (
Therefore, we obtain h − h = d(ω − ω − λ). Hence the class of h does not depend on the section s.
Next we consider the map
of crossed modules. Let s : g → a and σ : n → V be section of π and ∂, respectively. Note that
Therefore, ψs : g → a is another section of π, then choose another section σ, we have
where
One can also check that
This prove that h = h in H 3 (g, M ) and the class of h does not depend on the section σ. Therefore the map ξ is well defined.
One would like to establish a bijection between CExt(g, M ) and H 3 (g, M ). For this, we have to construct a canonical example of crossed extension for a given cohomology class. We don't have obtained this result yet. The main obstacle is that we don't know if category of Hom-Lie antialgebra representations possesses enough injective objects, or the higher cohomology classes of a free Hom-Lie antialgebra are trivial. These problems are left for future investigations. 
Second we substitute the definition of λ and s 0 in above equation, we obtain α(a 1 )) )ρ 0 ((∂ 0 f 0 )(a 2 ))f 0 (a 3 )B 2 +ρ 0 (s 0 (α(a 1 )))(ρ 0 (s 0 (a 3 ))f 0 (a 2 ))B 3 − ρ 0 (s 0 (α(a 1 )))ρ 0 ((∂ 0 f 0 )(a 3 ))f 0 (a 2 )B 4 −ρ 0 (s 0 (α(a 1 )))((f 0 (a 2 ) · ∂ 0 f 0 (a 3 ))B 5 − ρ 0 (s 0 (α(a 1 )))f 0 (a 2 · a 3 )B 6 −ρ 0 ((∂ 0 f 0 )(α(a 1 )))(ρ 0 (s 0 (a 2 ))f 0 (a 3 ))B 7 +ρ 0 ((∂ 0 f 0 )(α(a 1 )))ρ 0 ((∂ 0 f 0 )(a 2 ))f 0 (a 3 )B 8 −ρ 0 ((∂ 0 f 0 )(α(a 1 )))(ρ 0 (s 0 (a 3 ))f 0 (a 2 ))B 9 +ρ 0 ((∂ 0 f 0 )(α(a 1 )))ρ 0 ((∂ 0 f 0 )(a 3 ))f 0 (a 2 )B 10 +ρ 0 ((∂ 0 f 0 )(α(a 1 )))(f 0 (a 2 ) · ∂ 0 f 0 (a 3 ))B 11 +ρ 0 ((∂ 0 f 0 )(α(a 1 )))f 0 (a 2 · a 3 )B 12 , ρ 0 (s 0 (α(a 3 ))) λ 0 (a 1 , a 2 ) = ρ 0 ((s 0 − ∂ 0 f 0 )(α(a 3 ))) ρ 0 ((s 0 − ∂ 0 f 0 )(a 1 ))f 0 (a 2 ) +ρ 0 ((s 0 − ∂ 0 f 0 )(a 2 ))f 0 (a 1 ) − f 0 (a 1 ) · (∂ 0 f 0 )(a 2 ) − f 0 (a 1 · a 2 ) = ρ 0 (s 0 (α(a 3 )))(ρ 0 (s 0 (a 1 ))f 0 (a 2 ))C 1 − ρ 0 (s 0 (α(a 3 )))ρ 0 ((∂ 0 f 0 )(a 1 ))f 0 (a 2 )C 2 +ρ 0 (s 0 (α(a 3 )))(ρ 0 (s 0 (a 2 ))f 0 (a 1 ))C 3 − ρ 0 (s 0 (α(a 3 )))ρ 0 ((∂ 0 f 0 )(a 2 ))f 0 (a 1 )C 4 −ρ 0 (s 0 (α(a 3 )))((f 0 (a 1 ) · ∂ 0 f 0 (a 2 ))C 5 − ρ 0 (s 0 (α(a 3 )))f 0 (a 1 · a 2 )C 6 −ρ 0 ((∂ 0 f 0 )(α(a 3 )))(ρ 0 (s 0 (a 1 ))f 0 (a 2 ))C 7 +ρ 0 ((∂ 0 f 0 )(α(a 3 )))ρ 0 ((∂ 0 f 0 )(a 1 ))f 0 (a 2 )C 8 −ρ 0 ((∂ 0 f 0 )(α(a 3 )))(ρ 0 (s 0 (a 2 ))f 0 (a 1 ))C 9 +ρ 0 ((∂ 0 f 0 )(α(a 3 )))ρ 0 ((∂ 0 f 0 )(a 2 ))f 0 (a 1 )C 10 +ρ 0 ((∂ 0 f 0 )(α(a 3 )))(f 0 (a 1 ) · ∂ 0 f 0 (a 2 ))C 11 +ρ 0 ((∂ 0 f 0 )(α(a 3 )))f 0 (a 1 · a 2 )C 12 , λ 0 (α(a 1 ), a 2 · a 3 ) = ρ 0 (s 0 (α(a 1 ))f 0 (a 2 · a 3 ) + ρ 0 (s 0 (a 2 · a 3 ))f 0 (α(a 1 )) −f 0 (α(a 1 )) · ∂ 0 f 0 (a 2 · a 3 )) − ∂ 0 f 0 (α(a 1 ) · (a 2 · a 3 )) = ρ 0 (s 0 (α(a 1 ))f 0 (a 2 · a 3 )D 1 − ρ 0 ((∂ 0 f 0 )(α(a 1 )))f 0 (a 2 · a 3 )D 2 +ρ 0 (s 0 (a 2 · a 3 ))f 0 (α(a 1 ))D 3 − ρ 0 ((∂ 0 f 0 )(a 2 · a 3 ))f 0 (α(a 1 ))D 4 −f 0 (α(a 1 )) · ∂ 0 f 0 (a 2 · a 3 )D 5 − ∂ 0 f 0 (α(a 1 ) · (a 2 · a 3 ))D 6 , λ 0 (a 1 · a 2 , α(a 3 )) = ρ 0 (s 0 (a 1 · a 2 )f 0 (α(a 3 )) + ρ 0 (s 0 (α(a 3 )))f 0 (a 1 · a 2 ) −f 0 (a 1 · a 2 ) · ∂ 0 f 0 (α(a 3 ))) − ∂ 0 f 0 (a 1 · a 2 · (α(a 3 ))) = ρ 0 (s 0 (a 1 · a 2 )f 0 (α(a 3 ))E 1 − ρ 0 ((∂ 0 f 0 )(a 1 · a 2 ))f 0 (α(a 3 ))E 2 +ρ 0 (s 0 (α(a 3 )))f 0 (a 1 · a 2 )E 3 − ρ 0 ((∂ 0 f 0 )(α(a 3 )))f 0 (a 1 · a 2 )E 4 −f 0 (a 1 · a 2 ) · ∂ 0 f 0 (α(a 3 )E 5 − ∂ 0 f 0 (a 1 · a 2 · (α(a 3 )))E 6 .
Due to (2.1), (3.1) and (4.1), we have h 0 )(a 1 , a 2 , a 3 ) = −ρ 0 (s 0 (α(a 1 )))ρ 0 ((∂ 0 f 0 )(a 3 ))f 0 (a 2 ) −ρ 0 (s 0 (α(a 1 )))((f 0 (a 2 ) · ∂ 0 f 0 (a 3 )) +ρ 0 ((∂ 0 f 0 )(α(a 1 )))(f 0 (a 2 ) · ∂ 0 f 0 (a 3 )) +ρ 0 (s 0 (α(a 3 )))ρ 0 ((∂ 0 f 0 )(a 2 ))f 0 (a 1 ) +ρ 0 (s 0 (α(a 3 )))((f 0 (a 1 ) · ∂ 0 f 0 (a 2 )) −ρ 0 ((∂ 0 f 0 )(α(a 3 )))(f 0 (a 1 ) · ∂ 0 f 0 (a 2 )) −ρ 0 ((∂ 0 f 0 )(α(a 1 )))f 0 (a 2 · a 3 ) −f 0 (α(a 1 )) · ∂ 0 f 0 (a 2 · a 3 ) +ρ 0 ((∂ 0 f 0 )(a 1 · a 2 ))f 0 (α(a 3 )) +f 0 (a 1 · a 2 ) · ∂ 0 f 0 (α(a 3 )) +(d(ω 0 − ω 0 − λ 0 ))(a 1 , a 2 , a 3 ).
Using (4.1) again, we have (h 0 − h 0 )(a 1 , a 2 , a 3 ) = d(ω 0 − ω 0 − λ 0 )(a 1 , a 2 , a 3 ).
